A note on = 4 supersymmetric mechanics on Kahler manifolds. 
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The geometric models of A*' = 4 supersymmetric mechanics with (2ci.2d)(|,-dimensional phase space 
are proposed, which can be viewed as one-dimensional counterparts of two-dimensional N = 2 su- 
persymmetric sigma-models by Alvarez-Gaume and Freedman. The related construction of super- 
symmetric mechanics whose phase space is a Kahler supermanifold is considered. Also, its relation 
with antisymplectic geometry is discussed. 
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I. INTRODUCTION 

Supersymmetric mechanics attracts permanent inter- 
est since its introduction 0]. However, studies focussed 
mainly on the N = 2 case, and the most important 
case of iV = 4 mechanics did not receive enough at- 
tention, though some interesting observations were made 
about this subject: let us mention that the most gen- 
eral N = A, D = 1,3 supersymmetric mechanics de- 
scribed by real superfield actions were studied in Refs. 
[ 2 ,^ respectively, and those in arbitrary D in Ref . Q ; in 
|5| = 4, Z? = 2 supersymmetric mechanics described 
by chiral superfield actions were considered; the general 
study of supersymmetric mechanics with arbitrary N was 
performed recently in Ref. 1^. In the Hamiltonian lan- 
guage classical supersymmetric mechanics can be formu- 
lated in terms of superspace equipped with some super- 
symplectic structure (and corresponding non-degenerate 
Poisson brackets). After quantization the odd coordi- 
nates are replaced by the generators of Clifford algebra. 
It is easy to verify that the minimal dimension of phase 
superspace, which allows to describe a 13— dimensional 
supersymmetric mechanics with nonzero potential terms, 
is {2D. 2D), while supersymmetry specifies both the ad- 
missible sets of configuration spaces and potentials. 

In the present work we propose the N — A supersym- 
metric one-dimensional sigma-models (with and with- 
out central charge) on Kahler manifold {Mq, g^^dz'^dz''), 
with (2(i.2(i) ([-dimensional phase space equipped with 
the symplectic structure 



n = loq — iddg = 
= dlTa A (iz" + dlTa A dz"'+ 
-RabcdVfvtdz" A dz" + g,-,D7if A Df]>^ 



(1) 



where 



D7j!^^drj'^+Tlr^fdz'^, z = l,2 (2) 



while r^^, Rabcd respectively the connection and cur- 
vature of the Kahler structure. The odd coordinates rjf 
belong to the external algebra A(Afo), i.e. they transform 
as dz"". This symplectic structure becomes canonical in 
the coordinates {pa,x'') 



n^dpaA dz"' + dpa A dz"^ + dxT A dx" 



(3) 



where e' 

^r, O' 



are the einbeins of the Kahler structure: 



mmS™ = gab- So, to quantize this model, one chooses 



Pa 



dz"' 



Pa 



dz 



[Xi iXj\+ - Oi. 



We restrict ourselves by the supersymmetric mechanics 
whose supercharges are linear in the Grassmann variables 
Tyf , fj°i . These systems can be obtained by dimensional re- 
duction from N = 2 supersymmetric (1-1-1)— dimensional 
sigma-models by Alvarez-Gaume and Freedman in 
the simplest case of d = 1 and in the absence of central 
charge these systems coincide with the iV = 4 super- 
symmetric mechanics described by the chiral superfield 
action ||]. The constructed systems are connected also 
with the iV = 4 supersymmetric mechanics describing the 
low-energy dynamics of monopoles and dyons in A'^ = 2, 4 
super- Yang-Mills theories 0. 

We also propose the related construction of iV = 2 su- 
persymmetric mechanics whose phase superspace is the 
external algebra of an arbitrary Kahler manifold. Un- 
der the additional assumption that the base manifold is 
a hyper-Kahler one, this system should get the = 4 
supersymmetry. The relation of this system with anti- 
symplectic geometry is discussed. 



II. SIGMA-MODEL WITH STANDARD A^ = 4 
SUSY. 

Let us consider a one-dimensional supersymmet- 
ric sigma-model on an arbitrary Ricmann manifold 
{Mq, gf^i,{x)dx'^dx'^), with (2D. 2D)— dimensional phase 
superspace equipped with a supersymplectic structure 



where 



n = diPf,dxt' + 9'^g^,D9'^) = 
dpf, A dxi" + iR^.^xpOtO'^^dx^ A dxP 
+g^,D0f AD^r, 



D9': = de': + T;xe^dx' 



(4) 
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and r[^^, R^uXp are respectively the Cristoffel symbols 
and curvature tensor of underlying metric g^^dx^dx'^ . 
On this phase superspace one can formulate the one- 
dimensional N = 2 supersymmetric sigma-model with 
supercharges linear on Grassmann variables, viz 

Oi = p^^i' + u.^,{x)9!^, Qi - p^e!^ - u.^,{x)et, 

{Q., Qj} = 2S,,n, {Q,, H} = 0, i = 1, 2. 

One can also introduce a specific constant of motion 
("fermionic number") 

^ = ^2 : = ^^3QJ = 0. (6) 

To get the = 4 supersymmetric one-dimensional 
sigma-model mechanics, one should require that the 
target space Mq is a Kahler manifold {MQ,g^idz°'dz^), 
9ab — d'^K{z,z)/dz'^''dz^ (this restriction follows also 
from the considerations of superfield actions: indeed, 
the A'^— extended supersymmetric mechanics obtained 
from the action depending on D real superfields, have 
a (2£'.7VD)]f{^-dimensional symplectic manifold, whereas 
those obtained from the action depending on d chiral su- 
perfields have a (2c?.A^(i/2)([;— dimensional phase space, 
with the configuration space being a 2ci— dimensional 
Kahler manifold) . In that case the phase superspace can 
be equipped by the supersymplectic structure (|l|). The 
corresponding Poisson brackets are defined by the follow- 
ing non-zero relations (and their complex-conjugates): 

{^a,z''} = 6l {7ra,77n = -rUf, 
{7r„, TfJ = -RabcdVtvt, {<, t^} = . 

To construct on this phase superspace the Hamiltonian 
mechanics with standard iV = 4 supersymmetry algebra 

{Qt,QJ} = s,,K .7. 
{Qf,Qf} = {Qf,n} = 0, ^ = l,2, 

let us choose the supercharges given by the functions 

Qt = TTaVt + ^U-aVl Qt ^ aV^ ~ af,l ■ (8) 

Then, calculating the commutators (Poisson brackets) of 
these functions, we get that the supercharges ^ belong 
to the superalgebra (0) when the functions C/a, Ug, are of 
the form 



while the Hamiltonian reads 



(9) 



(10) 



where Ua-b = dadbU - Tl^dcU- 

The constant of motion counting the number of 
fermions, reads: 



^ = ^Saft^yVsTy" : {QT,T} = ±zQf, {H, T} = 0. (11) 

Performing the Legendre transformation one gets the La- 
grangian of the system 



/- — o-^a^fc l„a„ ^Dni I 1 Dr\l _-b 
>- — 9ab^- ^ - 2^h9ah dr + 2 dr 9abV 



+Ra-bcdniv1v'2vi 



(12) 



The supersymmetry transformations of the Lagrangian 
are of the form 



S+z- - erjf, 



0, 



(13) 



eStjz" 



where e is an odd parameter: p(e) = 1. 
So, we get the action for one-dimensional sigma-model 
with four exact real supersymmetries. It can be 
straightly obtained by the dimensional reduction of = 
2 supersymmetric (1-1-1) dimensional sigma-model by 
Alvarez-Gaume and Freedman |^ (the mechanical coun- 
terpart of this system without potential term was con- 
structed in jlOj ) . Notice that the above-presented 4 
SUSY mechanics for the simplest case, i.e. d = 1, was 
obtained by Berezovoy and Pashnev |^ from the chiral 
superfield action 

S =^ J K{^,^) + 2 J Ui^) + 2 J U{^) (14) 

where $ is chiral superfield. It seems to be obvious that 
a similar action depending on d chiral superfields will 
generate the above-presented A^ = 4 SUSY mechanics. 



III. iV = 4 SIGMA-MODEL WITH CENTRAL 
CHARGE 

Let us consider a generalization of above system, which 
possesses A^ = 4 supersymmetry with central charge 

{e+,ej} = s,,H + zaf^, {e,±,e±} = o, 

{z,7^} = {z,e±} = o. ^'^^ 

For this purpose one introduces the supercharges 

e+ = (TTa + iG.aiz, z)) ?7? + lU,-a{z)fil, 



= (TTa - lG,a(z, z)) T]^ - lU,aiz)fjf, 



(16) 



where the real function G{z, z) obeys the conditions 
dadbG + Vl,dcG = 0, G^a {z, z)g'^''dbU{z) =0. (17) 

The first equation in (|l^) is nothing but the Killing equa- 
tion of the underlying Kahler structure (let us remind, 
that the isometrics of the Kahler structure are Hamilto- 
nian holomorphic vector fields) given by the vector 
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G = G"(z)aa + G"(z)aa, G" =ig'"'dbG. (18) 



IV. THE RELATED CONSTRUCTION 



The second equation means that the vector field G leaves 
the holomorphic function invariant: 

CgU = ^ G'^{z)Ua{z) = 0. 

Calculating the Poisson brackets of these supercharges, 
we get explicit expressions for the Hamiltonian 



lUa-fiTiH + ^u-,.-,ninl + \GMfil)- (19) 



1 
2 

-K-bcdVlVlV2V2 

and the central charge 



liG-TTa + G^Tta) + ^dad-,G{ra3fj' 



(20) 



It can be checked by a straightforward calculation that 
the function Z indeed belongs to the center of the super- 
algebra (p^. The scalar part of each phase with standard 
N = 2 supersymmetry can be interpreted as a particle 
moving on the Kahler manifold in the presence of an ex- 
ternal magnetic field with strength F — iG^idz'^ A dz^ 
and in the potential field U^a{z)g"'^U i{z). 
The Lagrangian of the system is of the form 



I- - 9ab Z + 2^k — + 

-g'^HGaG-, + UaU-,)+ 
The supersymmetry transformations read 



(21) 



Srz'' = 0, 



(22) 



,G'') 



Assuming that {Mq, gabdz"'dz'') is the hyper-Kahler met- 
ric and that U{z) + U{z) is a tri-holomorphic func- 
tion while the function G{z, z) defines a tri-holomorphic 
Killing vector, one should get the N = S supersymmet- 
ric one-dimensional sigma-model. In that case instead 
of the phase with standard N = 2 SUSY arising in the 
Kahler case, we shall get the phase with standard = 4 
SUSY. The latter system can be viewed as a particu- 
lar case of = 4 SUSY mechanics describing the low- 
energy dynamics of monopoles and dyons in A^ = 2, 4 
super- Yang-Mills theory Notice that, in contrast to 
the A^ = 4 mechanics suggested in the mentioned papers, 
in the above-proposed (hypothetic) construction also the 
four hidden supersymmetries could be explicitly written. 
We wish to consider this N = 8 supersymmetric mechan- 
ics, as well as its application to the solutions of super- 
Yang-Mills theory, in a forthcoming paper. 



Let us consider a supersymmetric mechanics whose 
phase superspace is the external algebra of the Kahler 

manifold A(M), where ^M, gj^g{z, z)dz^dz^^ plays the 
role of the phase space of the underlying Hamiltonian 
mechanics. The phase superspace is a {D.D)(^— di- 
mensional Kahler supermanifold equipped by the super- 
Kahler structure lllll 



(23) 



n = idd {K{z, z) - ig^B^^e^j = 

= iig^B - iRABCDS^0^)dz^ A dz^ 
+gABDd^AD9B, 



VicO^dz^, and Vi^. Rabcd are 



where D9^ = d9^ 
respectively the Cristoffel symbols and curvature tensor 
of the underlying Kahler metrics = dAdgK^z, z). 

The corresponding Poisson bracket can be presented 
in the form 



{ , } 
where 

and 



^~gAByA^VB+gAB^^^^ (24) 



dz^ 



pC nB 
^ AB^ 



9aS 



(5. 



AB 



iR 



ABCD^ 



On this phase superspace one can immediately construct 
the mechanics with N ~ 2 supersymmetry 

{Q+,Q-}^'n. {Q±,0±} = {Q±,H}-o, (25) 

given by the supercharges 

g+ = dAH{z, z)6i^, Q_ = dAH{z, z)e^ (26) 

where H{z, z) is the Killing potential of the underlying 
Kahler structure, 

dAdBH - r%dcH = 0, V^{z) = tg^^'dsHiz, z). 

The Hamiltonian of the system reads 



n = gAsV^V^ + iV^gAsVl^^^'ei'- 
-RABcDV^vp^o^'e^P, 



(27) 



while the supersymmetry transformations are given by 
the vector fields = {Q*, }, 



-iV^iz) 



(28) 



where 



5^~^Ri^^e^e^. 
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Requiring that M be a hyper-Kahler manifold, we can 
double the number of supercharges and get a TV = 4 
supersymmetric mechanics. In that case the Killing po- 
tential should generate a tri-holomorphic vector field. 

The phase space of the system under consideration 
can be equipped, in addition to the Poisson bracket cor- 
responding to (psf), with the antibracket (odd Poisson 
bracket) associated with the odd Kahler structure fli — 
iddKi, where Ki = e^°'dAK{z, z)e^ + e-*"9^X(z, z)9^, 
a = 0,7r/2, 



{ , }i 



d 

86^ 



+ c.c. 



(29) 



It is easy to observe that the following equality holds |T^] 

L = {i, }-{g, }i, (30) 

where 



Z = H{z, z) + idAdeHiz, z)e^e^ 
g = e'"Q++e-'"Q_. 



(31) 



Then, after obvious algebraic manipulation with the Ja- 
cobi identities, one gets the following relations: 



{i,H}-{i,Q±} = o. 



(32) 



Hence, the function Z is a constant of motion, which 
belongs to the center of the superalgebra defined by 
Q±,'H,Z. One can also introduce another constant of 
motion, i.e. the "fermionic number" 



{Q±, ^} - ±iQ±: {n, T} = 0. (33) 



Notice that the supermanifolds provided by the even and 
odd symplectic (and Kahler) structures, and particularly 
the equation (pOj), were studied in the context of the 
problem of the description of supersymmetric mechanics 
in terms of antibrackets QJl^ (this problem was sug- 
gested in fl^). Later this structure was found to be 
useful in equi variant cohomology, e.g. for the construc- 
tion of equivariant characteristic classes and derivation of 
localization formulae since the vector field ( pO| ) can 
be identified with the Lie derivative along the vector field 
generated by H, while the vector fields {T, }i, {H, }i 
corresponds to external differential and operator of inner 
product. Hence, {H + T,H + T}i = 2Q, and H + J" 
defines an equivariant Chern class; the Lie derivative of 
the even symplectic structure (^3|) along the vector field 
{H -\- T ^ }i yields the equivariant even pre-symplectic 
structure, generating equivariant Euler classes of the un- 
derlying Kahler manifold. 

Notice also, that the antibrackets are the basic ob- 
ject of the Batalin-Vilkovisky formalism while the 
pair of antibrackets, corresponding to the a = 0, 7r/2, to- 
gether with corresponding nilpotent vector fields {T ^ }i 
and the associated A— operators, form the "triplectic al- 
gebra" underlying the BRST-antiBRST-invariant exten- 
sion of Batalin-Vilkovisky formalism pa . 
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